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ON PENCILS OF CURVES OF GENUS TWO 
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(Received 14 December 1965) 
IN A PENCIL of elliptic curves, Kodaira [I] has shown that each fibre is either an irreducible 
curve of arithmetic genus one, i.e. an elliptic curve or a rational curve with a node or a cusp, 
or a sum of rational curves of self-intersection - 2 of one of the following seven types :
The numbers are the multiplicities with which a component appears on a fibre; the intersec- 
tion is of multiplicity two in the second fibre, and simple in all other cases. For convenience, 
let us adopt the notation that for a given curve r, Kod(T) is any one of these seven cycles, 
with one of the components of multiplicity one replaced by r, e.g. 
and written generically as 
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The proof that each fibre is one of these types is a simple combinatorial argument, based on 
the fact that fibres are connected, and that a component of a reducible fibre is a line of self- 
intersection -2. The purpose of this note is to show that Kodaira’s argument, applied to 
pencils of curves of genus two, again shows that each fibre is one of a finite number of types, 
as listed in the table at the end of the paper. I do not know if all the types listed will actually 
arise, but will give examples of some of the types, together with an interesting numerical 
relation, at the end of the paper. 
Let rt : V-+ C be a pencil of curves of genus g, i.e. Vis a non-singular projective algebraic 
surface, C is a non-singular projective curve, and rr is a regular map, all defined over some 
algebraically closed field, and where V is free from exceptional curves of the first kind, and 
the general fibre z-‘(p) is a non-singular curve of genus g. 
Each fibre is connected. 
Any two fibres are algebraically equivalent, and so the self-intersection umber of any 
fibre L is L2 = 0. More generally, if L is a fibre and D is in the group generated by compon- 
ents of fibres, then L. D = 0. 
The arithmetic genus of any fibre L is g = p(L) = 1 f $(L2 + L . K), where K is a canonical 
divisor, and so L. K = 2g - 2. If the fibre is of form L = n D, then D2 = 0 and D. K = 
(2s - 2)n-'. Also,p(D) = 1 + 3 D. K = 1 + (g - l)n-r is an integer, and so n dividesg - 1. 
In particular n = 1 if g = 2. 
Let I? be a component of a fibre L having more than one component, say L = nr + D, 
where I does not appear in D. Then I. D > 0, because L is connected, and r.L = 0, so 
r2 -c 0. If I. K < 0, then I2 = I’. K = - 1, since p(I) is a non-negative integer, and so r is 
an exceptional curve. Since V by hypothesis has no exceptional curve, we must have I-. K 2 0. 
Thus if L = Zniri is a fibre, where I7r, r2, . . . are distinct components, at least two in number, 
then lYi. K >/ 0 for each i, and Zni(Ti. K) = (29 - 2). Since p(T,) is a non-negative integer, we 
see that I? is odd if and only if lYi. K is odd, and If > - 2 - Ii. K. 
Now take g = 2. Then each component IY of a reducible tibre is of one of the following 
types :
A: lT.K=l, r2= -1, pm = 1 
B: r.K= 1, r2= -3, m = 0 
c: lY.K=2, r2= -2, a-) = 1 
D: T.K=2, r2 = -4, m-1 =o 
E: r.K=O, r2= -2, m=O 
Since Cni(Ti. K) = 2g - 2 = 2, a reducible fibre contains either one component of multiplicity 
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one of type C or D, or two components of type A or B, or one component of multiplicity two 
of type A or B ; all other components are of type E. 
If a fibre L has only one component hen it appears with multiplicity one, and so L is an 
irreducible curve of arithmetic genus two; Lis a non-singular curve of genus two or a singular 
curve of genus zero or one. 
We suppose from now on that L is reducible. If L contains a component I of type C, 
then I appears in L with multiplicity one, and the other components are of type E. Since 
I2 = -2, l?.(L - r) = 2, and so I intersects the rest of the fibre twice. Hence, by exactly 
the argument of [I], we have L = Kod(T), listed in the table as type 1. 
Suppose next that L contains a component I of type D; as in the previous case I has 
multiplicity one in L and the other components are of type E, but here I cuts the rest of the 
fibre four more times. One possibility is type 2, which we exclude henceforth. Say I1 inter- 
sects I. Then I. I1 G 2, since If = -2. Suppose first that I.T, = 2. (There are two 
possibilities here, for I and I1 can have a double contact at one point, or simple contacts at 
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two points). If I1 appears with multiplicity one, then the fibre is complete at I1 and we get 
one of the cases of type 2; hence I1 in fact has multiplicity two, and so meets the rest of the 
fibre twice more. 
If Ii meets two single components then the fibre is complete; otherwise I1 meets 212, 
etc.; the fibre is of type 3. We assume henceforth that I. Ii < 1 for all other components I,. 
Say I. lYl = 1. If I1 has multiplicity 4, then Ii meets L seven times more. 
If I2 meets Ii, then I2 has multiplicity 22, since If = -2 and I2 .4r, 2 4. Decom- 
posing 7 as 2 + 2 + 3,4 + 3, or 2 + 5, we get types 4, 5, 6. Otherwise I1 meets 7r,, and IYz 
meets L ten times more. Decomposing 10 as 4 + 6 or 5 + 5 leads to impossibilities, so I2 
meets L in 10 13, and I3 meets L thirteen times more. Writing 13 = 5 + 8, 6 + 7, or 13, we 
get type 7, an impossibility, or an infinite chain L = . . . + IOr, + 13l?& + 16r, + . . . . like- 
wise impossible. If I1 has multiplicity three, then it meets L five times more. Writing 
5 = 3 + 2 or 5, we get an infinite chain of triple components or the infinite chain , + 5I, 
+ 713 + 9I, + . . ., so this case does not occur. 
If I1 has multiplicity two then I1 meets the rest of the fibre three times. If Tz goes 
through I n Ii, then I2 has multiplicity two, and we get type 8. Otherwise I, meets L three 
times more, away from I. Writing 3 = 2 i- I WC get type 9 (or type 2, already excluded); 
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otherwise I1 meets 3I,, and Tz meets L four times more. Writing 4 = 2 + 2 we get type 10 
(or 2); otherwise Tz meets 4I,, with I3 meeting L five times more. Writing 5 = 3 + 2 we get 
type 11 (or 2); otherwise I3 meets 51b, and we get type 2 again. Finally, we have the case 
where only single components cross I?. Since such components meet he fibre just once more, 
we see that all such cases are already listed in type 2. 
Henceforth we assume that types C and D are absent. If L contains 2r, where I’ is of 
type A, then I meets L twice more, since I2 = - 1, and we get type 12. If L contains 
I1 + Tz, where I1 and IYz are of type A and distinct, then we get type 13. If L contains 
I1 + Iz, where l-r is of type A and Tz of type B, then we get type 14. 
Henceforth we assume that type A,C,D are absent. Suppose first that L contains 2r, 
where r is of type B. I’ cuts L six times more, since I2 = -3. Then lY.T, < 2, since if 
T.T, > 3, then I1 has multiplicity ~2 and so meets the rest of the fibre at most four times, 
contrary to I1 .2I’ >, 6. If I. ITI = 2 (one point or two), then Ii has multiplicity two or three 
on L, and we get types 15,16. We assume henceforth that I. Ti d 1 for all i, 
Say I. rl = 1. If I1 has multiplicity 6, then the fibre is complete along I, and Ii meets 
the fibre ten times more. Writing 10 = 3 + 7,3 + 3 + 4,4 + 6, or 5 + 5, we get respectively, 
an impossibility, or types 17,18,19. Otherwise I1 meets lOr,, with I2 meeting the fibre 14 
times more. Writing 14 = 5 + 9,6 + 8,7 + 7 we get type 20 and two impossibilities. Other- 
wise Tz meets 14I,, and I3 meets the fibre 18 times more, necessarily 18IY’,; I4 meets 
22r,, Is meets 26r,, etc., an impossibility. If I, has multiplicity 5, then I, meets the fibre 
8 times more. Writing 8 = 4 + 4 we get type 21. Otherwise r1 meets 8lY,, and I2 meets the 
fibre 11 more times. Writing 11 = 4 + 7, we get type 22. Otherwise Tz meets 1 lr,, IYj meets 
14I,, etc., an impossibility. If I1 has multiplicity 4, then I1 meets the fibre 6 more times. 
Writing 6 = 3 + 3, 2 + 2 + 2, 2 + 4, we get types 23,24a, 24. Otherwise IY1 meets 6I,, and 
r2 meets the fibre 8 more times. Writing 8 = 3 + 5,4 + 4, we get types 25, 26. Otherwise r2 
meets 8I,, and I3 meets the fibre 10 more times. Writing 10 = 4 + 6 we get type 27. Other- 
wise r3 meets lOI,, and I4 meets 12lY,, and Is meets the fibre 14 more times. Writing 
14 = 6 + 8, we get type 28. Otherwise Ts meets 14l?,, Is meets 16r,, etc., an impossibility. 
If I1 has multiplicity 3, then no I2 can pass through I n lYl, since I2 would then have to have 
multiplicity at least three, hence just three, and r1 would then cut the fibre just once more, 
which is impossible. Thus I1 meets the fibre four more times, away from I’. If the fibre 
completes itself along I1 without coming back to I, then the branch of the fibre along 3r, 
will be completed  la Kodaira as 
3 -_- 
Ia- 
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written generically as 
In this case the fibre will be of type 29 or 29a. Assume now the contrary case, where the 
branch of the fibre along I1 must come back eventually to I. Then I1 necessarily meets 4I?,, 
and Tz meets the fibre 5 more times. If 5 = 5 we get one of the cases just excluded; hence 
Tz meets 2r, and 3I,. If r4 meets I we have type 30; if not, we have type 29. Finally, we 
assume that r meets only components of multiplicity at most two. Suppose I meets 2I,. If 
I2 passes through r n rr, then Tz has multiplicity two, and we have type 31. Otherwise we 
can assume that no Ii passes through any I n Ij, and we get types 32,33. Type 33 of course 
includes such special cases as six singles crossing I. This concludes the cases where L con- 
tains 2r, I of type B. 
The only remaining case is where L contains I1 + Iz where lY1, I2 are of type B and 
distinct. If I1 .Iz = 3 (one, two or three points in common), then we have type 34. If 
I1 .rz = 2 (one point or two), then we get type 35, if no other component passes through 
I1 n Tz, and type 36, if one does. Suppose next that Il. Tz = 1, and I3 passes through 
r1 n L2; then r3 has multiplicity one or two, giving type 37 or 38. We suppose henceforth 
that rl. Tz < 1, and that no other component passes through I1 n Tz, if I1 .Tz = 1. One 
possibility is type 39, which we exclude henceforth. Now I1 meets L three times. Writing 
3 = 1 + 1 + 1 or 1 + 2 we get type 40 or 41. Henceforth we assume that I1 meets 3r,, and 
similarly that I2 meets 3I,. If r3 = I?,, i.e. both I1 and Iz meet 3r3, then the fibre is com- 
plete at I1 and Iz, and we get type 42. Otherwise we assume I3 # I,. I3 meets the fibre 5 
more times. Writing 5 = 2 + 3, we get type 43. Otherwise we assume I3 meets 5r,, and so 
Is meets the fibre 7 more times. Writing 7 = 3 + 4, we get type 44. Otherwise I’s meets 
7r6, I6 meets 9I’,, etc., an impossibility. Hence the list of 44 types is complete. 
We close with a few examples of these fibres, and some comments on the arithmetic 
aspects of these questions, to be expanded in a later publication. 
Let k be the function field of the base curve C. We assume the characteristic snot 2, for 
the sake of simplicity. The general fibre L of the pencil may be regarded as a curve of genus 
two defined over k, and so is given birationally by an equation y2 =f(x), where f(x) is a 
polynomial with coefficients in k of degree 5 or 6, whose discriminant we denote by A (it is 
Jr0 in the notation of [2]). If p is a point of C, we shall call a minimal equation at p an equa- 
tion y2 =_f(x) for L over k in which the coefficients off(x) are integral at p, but ord,(A) is as 
small as possible; ord,(A) is then a well-defined non-negative integer attached to L and p. 
We have a 2-dimensional vector space of holomorphic differentials on L, which is 
mapped by the reduction mod p on a 2-dimensional vector space W, of differentials, not 
necessarily holomorphic. We have a direct sum decomposition W, = W, + W,og + W,, 
where the differentials in W,z are holomorphic, those in W, are not holomorphic but they have 
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no residues, and those in WIOs have non-zero residues. We define .sp = dim W,,,+ 2 dim W,; 
note that 0 < sp < 4. 
Finally, we let np denote the number of components in the fibre over p, not counting 
multiplicities. We can then conjecture, because it seems to be an experimental fact, that 
ord,A=nn,+sp- 1 
provided that the characteristic snot 2, 3, or 5; for those characteristics we must presumably 
add a term to the right side of the formula which measures the effect of wild ramification 
(cf. [3] for the elliptic analogue). In the examples which follow we assume the characteristic 
is not 2, 3, or 5, i.e. is more or less 0. 
Example 1. Let L be given birationally by y2 = x5 + t”, v > 1, where t is a uniformizing 
parameter at p. This equation defines a surface in the 3-dimensional space with coordinates 
(x, y, t). In general this surface will have singularities, so we will not get the corresponding 
pencil V, as defined earlier, until we have removed the singularities by suitable quadratic 
transformations. The number E = ep is computed as follows. Since dx/y and x dx/y are a 
base for the holomorphic differentials on L, W, is the space of differentials on y2 = x5 with 
base dx/y, x dx/y. Since y2 = x5 ramifies over x = 0, co, we find the divisors (x) = 2P, 
-2P,, (y) = 5P, - 5P,, (dx) = PO - 3P,, (dx/y) = 2P, - 4P,, (x dx/y) = -2P, hence 
W, = W,, and E = 4. If v = 1 the fibre is irreducible (type 0), and we have n = 1, E = 4, 
ord A = 4. If v = 2, then (0, 0,O) is singular on y2 = x5 + t2 ; after removing the singularity 
we find that the fibre is type 8, with n = 5, ord A = 8. If v = 3, the fibre is type 7, with n = 9, 
ord A = 12. 
Example 2. y2 = x(x - 1)(x - 2)(x - 3)(x - t”), v = 1,2, . . . . Here ord A = 2v and 
E = 1. The fibre is type 1, a cyclic figure with n = 2v. 
Example 3. y2 = x(x - t’)(x - 1)(x - 1 - t”)(x - 2), p, v = 1, 2, . . . . Here ord A 
= 2~ + 2v, and E = 2. The fibre is type 2, containing two cyclic figures with 2~ and 2v com- 
ponents (the type D component in common), so n = 2~ + 2v - 1. 
Example 4. y2 =x6+t2. Thefibreistype42,withn=7,~=4,ordA=lO. 
Example 5. y2 = (x4 + t)(x’ + t’), v = 1, 2, . . . 
Thefibreistype38,withn=v+4,ordA =v+7,~=4. 
Example 6. y2 = x(x” + t)(x2 + t’)(x + l), v = 1,2 . . . 
The fibre is type 3, with n = 3 + 2v, E = 3, ord A = 5 + 2v. 
And so it goes. I have also computed a few examples of degenerate fibres of hyperelliptic 
curves of genus >2, and the formula ord A = n + E - 1 (in characteristic 0) seems to hold 
there also. 
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